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NETWORK EQUIVALENTS APPLIED TO TRANSIENT ANALYSIS OF LARGE
DISTRIBUTION SYSTEMS

Ghassan Abdul-Hussein Bilal, Ph.D.
Western Michigan University, 2019

Frequency domain (FD) methods for electromagnetic transient analysis of electric power
systems offer outstanding simplicity and accuracy when dealing with distributed parameter
elements and components that exhibit frequency-dependent behavior. However, the use of FD
methods is usually restricted to the simulation of small and simple networks, since it is commonly
believed that their application implies a very large computational burden when compared to time
domain methods. This study demonstrates that FD methods can accommodate the detailed
simulation of large distribution networks within acceptable computer times and in a very
straightforward manner, thus offering an attractive complement or alternative to common time
domain tools. For this purpose, the basic methodology and guidelines for the frequency domain
modeling of the most common components of distribution systems are described in detail, as well
as a general approach for network construction, reduction, and solution. The elements considered
include overhead lines, underground cables, transformers, circuit breakers and loads. As an added
advantage of FD methods, the application of network equivalent techniques for the reduction of
large systems is considerably simpler than in time domain, as shown in this study. This is
particularly valuable for the simulation of distribution systems given their size and complexity.

Initially, transmission line, underground cable, and transformer models are implemented
separately for verification purposes. In addition, a simplified distribution network and a test feeder
from IEEE (13-bus) are constructed to demonstrate that the network reduction technique does not
imply any loss of accuracy, and it also provides very similar results when compared with the
complete network implementation in Electromagnetic Transient Type Program-Alternative
Transients Program (EMTP-ATP). Then, 3 test cases corresponding to larger distribution systems
are simulated. They correspond to IEEE test feeders with 34 and 123 nodes and a synthetic system
with 1188 nodes emulating a densely meshed urban distribution network. These cases demonstrate
the generality of the methodology and the ability of the network reduction to simplify the system
and efficiently reduce the computational burden in the simulation of large systems.
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CHAPTER 1
1. INTRODUCTION

Introduction
The main purpose of an electric power system is to provide reliable electrical energy to all
users. The complexity of this task has increased exponentially in the last decades due to the growth
in population and the growth in the number of industries resulting in a substantial increase in
electrical energy consumption.
Among the studies required for an adequate design and protection of power and distribution
systems, the study of electromagnetic transients is critical, given the stresses and potential damages
that these phenomena can produce. An electromagnetic transient happens when there is a sudden
change of electromagnetic energy in a power system [1]. Electromagnetic transients are associated
with switching operations, direct and indirect lightning strikes and fault conditions. The main
consequences of these disturbances are transient oscillations as well as overvoltages and/or
overcurrents that can result in deterioration or failure of particular components or the complete
system [2].
Electromagnetic transients can be analyzed using time domain (TD) or frequency domain
(FD) methods. These two approaches have specific capabilities and limitations that complement
each other. FD methods are known for their higher accuracy and simplicity when dealing with
elements with distributed and/or frequency-dependent parameters, while TD methods are better
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suited for non-linear and time-varying conditions [3]. The most common and mature TD method
for electromagnetic transient analysis is the Electromagnetic Transient Program (EMTP), founded
upon the pioneering work of Dr. Hermann Dommel [4], [5]. The time domain algorithm of the
EMTP is essentially based on nodal network analysis and the trapezoidal rule of integration [6].
Several versions of EMTP are currently available, such as EMTP-ATP, PSCAD-EMTDC, EMTPRV and MicroTran. These simulation tools are very well-known and respected by the power
community, given the large amount of components available to perform different types of transient
studies. Their capabilities vary from version to version, but they were all developed from the
original EMTP code.
On the other hand, FD methods for electromagnetic transient studies are based on modeling
the power devices and systems in the frequency domain. The FD solution of these expressions
(usually in the form of voltages and/or currents) is then converted into the time domain by means
of a frequency-time transformation (e.g. Fourier, Laplace, Z-transform, etc.) [3]. The inclusion of
components with parameters that present distributed and/or frequency dependent behavior is very
accurate and straightforward in FD, avoiding the numerical approximations required in TD for this
purpose. The most common elements with frequency dependent parameters are transmission
systems, which are extensively found in power and distribution systems and thus very prone to
electromagnetic transients. However, inclusion of frequency dependence and distributed nature
can be required for accurate studies of other elements, such as transformers, rotating machines,
reactors, grounding grids, etc.
The high accuracy feature of FD methods makes them very useful as a complement to TD
methods for the validation of new or improved TD models and algorithms. In many cases, FD
methods can also serve as a very powerful standalone alternative to TD methods. This is due to
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the fact that the FD mathematical representation of electrical systems is generally defined by
simple algebraic expressions that allow a straightforward development and verification of new
modeling techniques, in contrast to TD representations which are given by complex integrodifferential equations and convolution terms.
Regarding the inclusion of non-linear and time-varying conditions, although not as
straightforward as TD methods, modern FD methods can accommodate such conditions using
approaches such as the superposition principle and piecewise approximations. This has resulted in
successful FD simulation of switching operations, as well as inclusion of surge arresters,
ferromagnetic saturation, and similar nonlinear phenomena [7] - [9].
Although under apparent competition in the 1980s to 1990s, it is now evident that FDbased methods are more purpose-specific than TD-based tools [3]. Nonetheless, the use of FD
methods as a complement or alternative to TD methods attracts a very large research and industrial
community seeking a high accuracy tool for detailed analysis, component design, model
validation, among other applications. Refs. [10] - [23] are just a few recent examples where the
use of FD methods has been fundamental for standalone implementation of models or for
validation purposes.
This dissertation describes the underlying methodology and guidelines for the frequency
domain modeling of the most common components of distribution systems, as well as a general
approach for network construction, reduction and solution. Network construction relies on the
application of multiphase nodal analysis, which allows the direct definition of the complete system
admittance matrix from the admittance model of each power element involved. Network reduction
can be easily performed in the frequency domain using Kron’s reduction to preserve only the nodes
that are relevant for the corresponding study. Network solution involves computing the nodal

3

voltages from the admittance matrix model of the complete or reduced system and transforming
such voltages to the time domain by means of the numerical Laplace transform (NLT). The NLT
is chosen from a variety of numerical frequency-time transformation tools given its demonstrated
accuracy, versatility and robustness. Also, since the NLT is based on the fast Fourier transform
(FFT), it offers very high computational efficiency [7].
Initially, two well-known test feeders from IEEE (13-bus and 34-bus) are considered for
verification purposes. Then, 2 test cases corresponding to larger distribution systems are simulated.
They correspond to an IEEE test feeder with 123 nodes and a fictitious system with 1188 nodes
emulating a densely meshed urban distribution network. These cases demonstrate the generality
of the methodology and the ability of the network reduction to simplify the system and effectively
reduce the computational burden in the simulation of large systems.

Target Goals
•

Implementation of large distribution networks based on a frequency domain modeling
technique and application of the numerical inversion of the Laplace transform to obtain the
transient response of power components defined by large matrix systems (in the order of
thousands of nodes). The proposed methodology allows considering changes in network
topology and element values over time due to switching and fault conditions.

•

Application of network equivalents to reduce the size of large electrical systems that can
be difficult to solve due to computational constraints. This is also useful for cases in which
it is sufficient to model in detail only a portion of the system that is relevant for the study
to be performed. The flexibility and adaptability of the proposed methodology can provide
considerable time savings to utility companies and engineering firms assessing system
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wide transients resulting from symmetrical and unsymmetrical faults, network upgrades,
and switching schemes.
•

Validation of the results obtained by the developed technique by means of comparisons
with the most important commercial programs for the simulation of transients in the time
domain.

State-of-the-art Review
Much work has been done in the last decades to model transmission and distribution
systems in both time domain and frequency domain for the purpose of electromagnetic transient
analysis. A brief review of such models is presented below.

1.3.1. Time domain modeling
Time domain models are available mainly in commercial programs for the analysis of
electromagnetic transients such as EMTP-RV®, EMTP-ATP® and PSCAD-EMTDC®. It should be
mentioned that the choice of each of these models depends on the type of phenomenon to be
represented.
In 1969, H. W. Dommel [24] developed the "Electromagnetic Transient Program" (EMTP)
based on the “Bergeron method” for the solution of electromagnetic transients in the time domain.
In 1970, Budner [25] introduced the first research work that included the frequency
dependence of electrical parameters on a single-phase transmission line for time domain analysis.
This work is based on a 2-port representation and the solution of the propagation equations.
In 1974, Meyer and Dommel [26] applied the technique of long convolution to include
frequency dependence in the transmission line model of the EMTP. Their model is dependent on
the trapezoidal integration rule to solve the convolution operation.
5

In 1975, Semlyen and Dabuleanu [27] implemented a method for the recursive solution of
the convolution. This method was applied to the modeling of multiconductor lines, considering
real and constant modal transformation matrices.
In 1982, J. R. Martí [28] proposed a frequency-dependent model in the time domain in
which both line terminals are connected to a network representing its characteristic impedance for
a set range of frequencies. J. R. Martí used the technique of recursive convolution previously
proposed by Semlyen and Dubuleanu in 1975 [27]. The disadvantage of this model is that the
modal transformation matrices are considered real and constant, so its accuracy is only guaranteed
for symmetric and balanced lines.
Subsequently, in 1988, L. Martí [29] proposed a technique to take into account the
frequency dependence of modal transformation matrices to improve the model of J. R. Martí [28].
This model has been successfully applied to underground cables, but not to overhead lines.
In 1997, F. Marcano and J. R. Martí [30] developed a frequency-dependent model using
the idempotent decomposition method to synthesize the line propagation matrix directly in phase
coordinates.
In 1998, B. Gustavsen and A. Semlyen [31] developed a model for the transfer functions
of the characteristic admittance matrix and the propagation function in the phase domain using a
rational fitting tool known as “Vector Fitting”.
In 1999, A. Morched et al. [32] developed a frequency-dependent model directly in the
phase domain known as the Universal Line Model (ULM), which combines the idempotent
decomposition technique and Vector Fitting. This model is nowadays the most advanced
transmission line model included in commercial EMTP-type programs.
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In 2005, A. Ramirez et al. [11] presented a full frequency-dependent transmission line
model by using the method of characteristics, a finite difference-based model proposed as a
complement to commonly used traveling wave methods.
In 2013, R. Salcedo et al. [33] used the Electromagnetic Transients Program (EMTP) to
present a simulation study on long-duration overvoltages due to backfeeding currents in large
underground distribution networks.
In 2014, A. A. Rodriguez et al. [34] applied three different transient conditions to the IEEE
13-bus test feeder system in EMTP-ATP: lightning overvoltage with varying grounding resistance,
lightning overvoltage at different points of the system, and switching overvoltage.
In 2016, I. Kocar et al. [35] presented a very large-scale distribution network with
secondary grid network details by using the hybrid design approach in which a part of the network
can be removed from the text files in EMT-type programs and represented using graphical user
interface (GUI).
The greatest disadvantage of the time domain-based models and methods mentioned above
is their difficulty in introducing the frequency dependence of line parameters, which can have an
important effect on their accuracy for transient analysis. As an alternative, a frequency domainbased tehnique can be used, in which the frequency dependence of the line parameters can be
introduced in a straightforward and accurate manner [36].

1.3.2. Frequency domain modeling
The first investigations for the analysis of electromagnetic transients in the frequency
domain began with the use of Discrete Fourier Transform (DFT). However, due to the fact that
truncation (Gibbs oscillations) and aliasing errors were present during the frequency domain
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transformation process, a window function and a damping factor were added to the DFT to reduce
these errors. This variant was initially called Modified Fourier Transform (MFT) [37], [38].
In 1969, L. Wedepohl et al. [39] used the MFT and modal analysis methods in the transient
analysis of a multiconductor transmission line.
In 1973, L. Wedepohl et al. [40] presented a mathematical model to introduce the
frequency-dependent parameters of underground cables for the analysis of traveling-wave
phenomena.
In 1973, A. Ametani [41] used the Fast Fourier Transform algorithm (FFT) to reduce the
computational time, which had previously been implemented by J.W. Cooley and J.W. Tukey [42].
In 1978, D. J. Wilcox [43] expressed the MFT in terms of Laplace's theory, giving rise to
the Numerical Laplace Transform (NLT). He presented a comprehensive account of the
development of a discrete Laplace transform.
In 1988, N. Nagaoka et al. [44] developed a generalized frequency domain transient
program (FTP) based on MFT. This program allows representing elements with lumped or
distributed parameters, as well as switch operations and nonlinearities.
In 2002, F. A. Uribe et al. [45] used the NLT to analyze and simulate the electromagnetic
transients on underground cable systems.
In 2007, P. Gomez et al. [46] reviewed the fundamental development of the numerical
Laplace transform (NLT) based on frequency domain analysis. It was concluded that the NLT is a
very useful technique for verifying time domain methods or as a standalone tool. It was also noted
that including changes in the network topology or non-linear elements is more complicated than
with time domain methods, but it can be addressed using the principle of superposition and piece-
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wise linear approximations. This NLT review was further extended in [7] for a wide range of
power system applications.
In 2014, R. Nuricumbo-Guillén et al. [6] defined the telegrapher equations of a
transmission line as a set of an algebraic equations instead of the well-known partial differential
equations. This was accomplished by means of the application of the Laplace transform to both
the space and time variables. Once these equations are solved, the inverse numerical Laplace
transform is used to compute transient voltage and current profiles along multiconductor
transmission lines.
In 2015, R. Nuricumbo-Guillén et al. [47] presented a method to obtain the transient
profiles through multiconductor transmission lines excited by indirect lighting using a twodimensional definition of the numerical Laplace transform (NLT).
In 2016, P. Gomez et al. [20] improved the computational procedure behind the method
previously described by R. Nuricumbo-Guillén [6] to calculate the transient profiles along
transmission lines using the numerical Laplace transform.
In 2017, R. Nuricumbo-Guillén et al. [48] described a technique to generate animations of
electromagnetic transients on power transmission lines as a useful tool for research and education
purposes.
In recent years, the numerical Laplace transform (NLT) based on frequency domain
analysis method has been applied successfully in the calculation of electromagnetic transients in
transmission lines and underground cables, as well as other elements of the power system, such as
transformers and motors [6], [7], [45], [46], [20], [12], [14], [49].
Some of these research works are quite recent. Therefore, it is still necessary to establish a
general methodology to solve these problems in a straightforward, simple, and accurate manner.
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Contributions
The contributions of this dissertation are summarized as follows:
•

It introduces the unprecedented application of a frequency domain (FD) method for
electromagnetic transient analysis of large distribution systems. In particular, distribution
networks with 34, 123, and 1188 buses are studied, completely contradicting the common
conception of FD methods as restricted to small and simple systems.

•

It is shown that the application of network reduction for frequency domain transient
analysis of distribution networks is very straightforward, does not imply any loss of
accuracy, and results in substantial decrease in computational burden. This is not the case
of network reduction techniques used in time domain methods, which usually require the
application of rational fitting approximation techniques that can reduce the accuracy of the
results [50].

•

This document presents a comprehensive description of the models required for frequency
domain transient analysis of distribution networks and the general methodology for
network construction, reduction and solution to facilitate future applications.

•

This large-scale application of an FD method for electromagnetic transient analysis is
completely novel and aimed at encouraging the application of such technique by utilities
and academia as a powerful alternative to existing tools for transient analysis.

•

This dissertation can present such applications of fault analysis or other grid disturbances
may require starting from steady-state initial conditions. It is still possible to consider such
scenario in the FD method.

•

Finally, it provides a benchmark summarizing simulation based on solution time duration
and size of system matrix, thus confirming the effective reduction in computational burden.
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Dissertation Outline
•

Chapter 1 presents general introduction, target goals, contributions, and the state of art on
the subject.

•

Chapter 2 describes the underlying methodology and guidelines for the frequency domain
modeling of the most common components of distribution systems which are distributed
and lumped parameters transmission line model, transformer model, and circuit breaker
model.

•

Chapter 3 calculates parameter determination for electromagnetic transients such as
multiconductor transmission line, underground cable, and distribution transformer.

•

Chapter 4 implements a general approach for network construction, reduction and solution.

•

Chapter 5 evaluates performance of the frequency method and the simulation results for
different type of scenarios are achievements to reduce the very large distribution networks.

•

Chapter 6 presents conclusions and future work.
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CHAPTER 2
2. MODELING OF POWER COMPONENTS

Introduction
Traveling waves in transmission lines and cables produce oscillations due to the
electromagnetic energy interchange between capacitances and inductances of the system. This
phenomenon is known as electromagnetic transient and can occur in a power component or system
because of a lightning event, a switching operation, or a fault scenario. Due to their extension and
disposition, transmission lines are the elements of the system with the highest exposure to
electromagnetic transients [51]. Studying these phenomena by means of digital simulation tools
usually requires the implementation of very detailed and accurate transmission line models that
are capable of reproducing the distributed nature and frequency dependence of electrical
parameters, as well as the electromagnetic coupling between phases and ground wires. Depending
on the transient condition to be analyzed, other elements might need to be modeled in detail, such
as transformers, circuit breakers, loads, etc. [10].

Distributed Parameter Transmission Line Model
The most significant advantage of using a distributed parameter model defined in the
frequency domain is the possibility of representing the propagation of voltage and current waves
along transmission and distribution lines, and at the same time including the frequency dependence
of the transmission line parameters due to skin effect in conductors and in ground plane. Therefore,
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this type of model is considered as the most accurate one currently available [52], [53]. On the
other hand, including frequency dependent parameters in a time domain line model would require
solving complex convolution operations.

Telegrapher Equations in the Frequency Domain
This section details the technique for developing equivalent circuit representations of
power system components using FD methods. The models described here are fully compatible
with multiphase nodal analysis and the numerical Laplace transform, facilitating their
implementation.

2.3.1. Multiconductor line case
The Telegrapher Equations define the propagation of voltage and current waves along
transmission and distribution lines. The mathematical models for this type of phenomena are based
on the solution of partial differential equations. These equations become ordinary differential
equations in the frequency domain defined as follows [36]:
−

𝑑𝑽(𝑧, 𝑠)
= 𝒁𝑰
𝑑𝑧

(2.1)

−

𝑑𝑰(𝑧, 𝑠)
= 𝒀𝑽
𝑑𝑧

(2.2)

Combining (2.1) and (2.2) it follows that [54]:
d 𝐕(z, s)
𝟎
[
]=[
−𝐘
dz 𝐈(z, s)

−𝐙 𝐕(z, s)
][
]
𝟎 𝐈(z, s)

(2.3)

where V(z,s) and I(z,s) are the voltage and current vectors at point z of the line, s is the Laplace
variable, and Z and Y are the series impedance and shunt admittance matrices of the line.
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Two-Port Transmission Line Model
Applying boundary conditions and modal decomposition at the sending and receiving node
of the line, the following 2-port nodal representation is obtained [8]:

[

𝑰𝑜 (𝑠)
𝒀
] = [ 𝑠𝑠
−𝒀𝑟𝑠
𝑰𝑙 (𝑠)

−𝒀𝑠𝑟 𝑽𝑜 (𝑠)
][
]
𝒀𝑟𝑟 𝑽𝑙 (𝑠)

(2.4)

where 𝑰0 (s) and 𝑽0 (s) are the current and voltage vectors at 𝑧 = 0, while 𝑰𝑙 (s) and 𝑽𝑙 (s) are the
corresponding quantities at 𝑧 = 𝑙, as shown in Figure 2.1. The elements of the admittance matrix
in (2.4) are given by:
𝒀𝑠𝑠 = 𝒀𝑟𝑟 = 𝒀0 coth(𝜳𝑙)

(2.5)

𝒀𝑠𝑟 = 𝒀𝑟𝑠 = 𝒀0 csch(𝜳𝑙)

(2.6)

where 𝜳 is the propagation constant and 𝒀𝟎 is the characteristic admittance, defined as follows:
𝜳 = 𝑴√𝝀𝑴−1

(2.7)

𝒀𝟎 = 𝒁−𝟏 𝜳

(2.8)

𝑴 and 𝝀 are the matrices of eigenvectors and eigenvalues of the 𝒁𝒀 product, respectively. The 2port nodal form can be represented by a -circuit formed by admittance elements, as shown in
Figure 2.2. This representation allows creating a complete network formed by different distribution
lines, as described in the following section.
According to (2.4)-(2.8), parameter matrices Z and Y completely characterize a multiphase
distribution line in the frequency domain. Therefore, other multiphase distributed parameter
elements can be modeled using this approach, considering the corresponding parameters for each
element.
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𝑰𝑙

𝑰0

+

Two Port

𝑽0

Network

−

+

𝑽𝑙
−

Figure 2.1 Two port network representation [7]

𝑰0

𝒀𝑠𝑟 = 𝒀𝑟𝑠

+

𝑰𝑙
+
𝒀𝒓𝒓 − 𝒀𝒓𝒔

𝒀𝒔𝒔 − 𝒀𝒓𝒔

− 𝑽𝑙

𝑽0 −

Figure 2.2 Admittance model for multiconductor line [45]
The current at the sending node 𝑰0 is computed from the π-circuit representation of line as
shown in Figure 2.2:
𝑰0 = 𝒀𝑠𝑠 𝑽0 − 𝒀𝑠𝑟 𝑽𝑙

(2.9)

Lumped Parameter Line Model
Given their short electrical length, lines included in large distribution networks are often
modeled using a lumped-parameter π-equivalent circuit as shown in Figure 2.3.

Ysr

Is

Yss

Ir

Yrr

Figure 2.3 Lumped-parameter π-equivalent circuit of a distribution line [55]
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Since the available parameter information is often presented in terms of the network
sequence components, the elements in Figure 2.3 are calculated as follows:

𝒁𝑠𝑟

𝑅0 + 𝑠𝐿0
0
= 𝑴[
0

0
𝑅1 + 𝑠𝐿1
0

0
0
] 𝑴−1
𝑅2 + 𝑠𝐿2

(2.10)

𝒀𝑠𝑟 = 𝒁𝒔𝑟 −1

(2.11)

𝒀𝑠𝑠 = 𝒀𝑟𝑟 = 𝑠(𝑪/2)

(2.12)

where 𝑅0 , 𝑅1 and 𝑅2 are the zero, positive and negative sequence series resistances per unit length,
respectively; 𝐿0 , 𝐿1 and 𝐿2 are the zero, positive and negative sequence series inductances per unit
length, respectively; 𝑪 is the shunt capacitance matrix per unit length; and 𝑴 is the modal
transformation matrix [8]. Finally, the 2-port admittance matrix model of the line is given by:
𝒀𝑇𝐿 = [

𝒀𝑠𝑠 + 𝒀𝑠𝑟
−𝒀𝑠𝑟

−𝒀𝑠𝑟
]
𝒀𝑟𝑟 + 𝒀𝑠𝑟

(2.13)

Transformer Model
Transformers are essential elements of electrical power systems. For that reason, their
accurate modeling and inclusion in electrical network simulations have always been a subject of
great interest (see for instance [56], [57]).

2.6.1. Single-phase transformer model
A single-phase transformer equivalent circuit is depicted in Figure 2.4, where the
secondary winding resistance and leakage inductance have been referred to the primary side [55].
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Le1

Re1
+
1

a=N1/N2
+

Rc

Lm

2

-

-

Figure 2.4 Single phase transformer equivalent circuit [55]
Parameters in the circuit can be grouped and reduced to a two-port admittance matrix model in the
frequency domain as follows:
𝑌TR = [

𝑌0 + 𝑌𝑡
−𝑎𝑌𝑡

−𝑎𝑌𝑡
]
𝑎2 𝑌𝑡

(2.14)

where
𝑌𝑡 =

1
𝑅𝑒1 +𝑠𝐿𝑒1
𝑅 +𝑠𝐿

𝑌0 = (𝑅𝑐)(𝑠𝐿𝑚 )
𝑐

𝑚

(2.15)

(2.16)

𝑅𝑒1 is the winding resistance referred to the primary, 𝐿𝑒1 is the leakage inductance referred to the
primary, 𝑅𝑐 are the core losses, 𝐿𝑚 is magnetizing inductance, and 𝑎 is the transformer turns ratio.

2.6.2. Three-phase transformer model
The modeling approach for three-phase transformers is based on the frequency domain
representation of three single-phase transformers and the inclusion of their interconnection
according to the corresponding scheme [57]- [58]. The equivalent circuit for a delta-wye grounded
three-phase transformer is shown in Figure 2.5. The numbers represent each single-phase
transformer windings (1, 3 and 5 for the primary side and 2, 4 and 6 for the secondary side) and
the letters represent nodal voltages with respect to the ground [57]. The general procedure is as
follows:
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•

A frequency domain primitive admittance matrix for three decoupled single-phase
transformers excluding the magnetizing branch is constructed as:
𝑌𝑡
−𝑎𝑌𝑡
0
𝒀𝑝 =
0
0
[ 0

−𝑎𝑌𝑡
𝑎2 𝑌𝑡
0
0
0
0

0
0
𝑌𝑡
−𝑎𝑌𝑡
0
0

0
0
−𝑎𝑌𝑡
𝑎2 𝑌𝑡
0
0

Re1

Le1

a

Rc

Lm

Lm

b

Lm

B

3

4

Le1

c

(2.17)

2

Le1

Re1

Rc

0
0
0
0
−𝑎𝑌𝑡
𝑎2 𝑌𝑡 ]

A

1

Re1

Rc

0
0
0
0
𝑌𝑡
−𝑎𝑌𝑡

C

5

6

Figure 2.5 Delta-wye grounded connection diagram of a three-phase transformer

•

An incidence matrix 𝑨 is formed. The information contained in it relates each winding to the
nodes present in the circuit and will change depending on the connections on each side of the
three-phase transformer.

•

In order to get the frequency domain admittance matrix, the following formula is applied:
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𝒀 = 𝑨𝒕 𝒀𝑝 𝑨
•

(2.18)

Finally, the magnetization branch 𝒀0 is added as an 𝑛 × 𝑛 diagonal matrix connected to the
primary side of the transformer. Many combinations of connection schemes can be obtained
from the aforementioned procedure, such as grounded wye – grounded wye, grounded wye –
delta, delta – delta, etc., as described in [59] . Other common types of connections for rural
and suburban distribution systems based on 2 single-phase transformers, such as open wye –
open delta and open delta – open delta, are also possible starting from a primitive admittance
matrix and an incidence matrix, as demonstrated in [60] . Although the application of this
modelling approach for steady-state analysis has been widely described, the extension of such
models for frequency domain transient analysis has been seldom described in the past.
Addition of tap variations at both primary and secondary sides of the distribution transformer
with respect to their nominal values in the primitive admittance matrix is described in detail in
[58]. In addition, if both line-to-line and line-to-ground loads need to be considered in the same
simulation, then the primitive matrix and corresponding connection matrix should be modified
to allow for the nodes corresponding to the 3-wire system to be available.

As an example, the incidence matrix 𝑨 for a delta-wye grounded connection is given by:
1 −1 0 0 0
0
0
0 1 0
0
1 −1 0 0
𝑨=
0
0
0 0 1
−1 0
1 0 0
[0
0
0 0 0

0
0
0
0
0
1]

(2.19)

Substituting (2.17) and (2.19) into (2.18), the 2-port model of the transformer is obtained:
𝒀𝑇𝑅 = [

𝒀0 + 𝒀11
𝒕
−𝒀12
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−𝒀12
]
𝒀22

(2.20)

where
1⁄𝑍0
𝒀0 = [ 0
0

0
1⁄𝑍0
0

0
0 ]
1⁄𝑍0

(2.21)

2𝑌𝑡
𝒀11 = [−𝑌𝑡
−𝑌𝑡

−𝑌𝑡
2𝑌𝑡
−𝑌𝑡

−𝑌𝑡
0 ]
2𝑌𝑡

(2.22)

𝑎2 𝑌𝑡
=[ 0
0

0
𝑎 𝑌𝑡
0

0
0 ]
2
𝑎 𝑌𝑡

(2.23)

𝑎𝑌𝑡
= [−𝑎𝑌𝑡
0

0
𝑎𝑌𝑡
−𝑎𝑌𝑡

−𝑎𝑌𝑡
0 ]
𝑎𝑌𝑡

(2.24)

𝒀22

𝒀12

2

Transient Analysis for Switching Events
2.7.1. Introduction
Switching transients are an essential part of power system analysis due to the large
overvoltages involved, which have to be considered for a proper insulation coordination. Although
frequency domain techniques for transient analysis allow for straightforward inclusion of the
frequency dependence of transmission line, such techniques are considered restricted to linear time
invariant systems, precluding the simulation of switching events. Nonetheless, the superposition
principle has been proposed to allow the simulation of switch closure and opening using frequency
domain techniques [61], [62]. By applying the superposition principle discontinuities, such as
switching operations, are treated as initial condition problems. The general procedure is to add the
system response under certain initial conditions to one due to the conditions imposed by the
injection of a current or voltage source related to the specific switch operation [63].

20

Circuit Breaker Model
An initially open circuit breaker (CB) is represented by a voltage source of magnitude
𝑉𝑠𝑤_𝑜𝑝 corresponding to the potential difference between its terminals. The response of the system
to initial conditions (open switch) is:
−1

𝑽0 (𝑠) = [𝒀0𝑏𝑢𝑠 (𝑠)] [𝑰0 (𝑠)]

(2.25)

where 𝑽0 (𝑠) is the vector of nodal voltages before switch operation, 𝒀0𝑏𝑢𝑠 (𝑠) is the admittance
matrix before the switch is closed, and 𝑰0(𝑠) is the vector of injected current sources.

2.8.1. Closing
Closure operation is simulated by connecting in series to the first source another voltage
source of the same magnitude but opposite polarity to 𝑉𝐶𝐵_𝑜𝑝 , as shown in Figure 2.6. The voltage
source required to close the CB at time 𝑡𝑐 is given by:
𝑉𝐶𝐵_𝑐𝑙 = ℒ{−𝑣𝐶𝐵_𝑜𝑝 (𝑡)𝑢(𝑡 − 𝑡𝑐 )}

(2.26)

where 𝑣𝐶𝐵_𝑜𝑝 (𝑡) is the time domain voltage wave form between the open CB terminals and ℒ is
the Laplace transform operator and 𝑢 is a unit step with time delay function given by:
𝑢(𝑡 − 𝑡𝑐 ) = {

0 0 ≤ 𝑡 < 𝑡𝑐
1
𝑡 ≥ 𝑡𝑐

(2.27)

Total response of the network is obtained by superimposing the response due to 𝑉𝐶𝐵_𝑜𝑝 (before CB
closure) to the response due to 𝑉𝐶𝐵_𝑐𝑙 .
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Open
initial condition

j

Closed
for t > tc

j

k
VCB_op

k
VCB_op

VCB_cl

Figure 2.6 Simulation of switch closing [9]

2.8.2. Opening
On the other hand, for the CB opening a closed initial condition is considered, as shown in
Figure 2.7. The current flowing through the CB terminals is represented by current source
𝐼𝐶𝐵_𝑐𝑙 (𝑡). Opening of the CB is simulated by a shunt connection of another current source of equal
magnitude but opposite direction. Considering the first zero-crossing time 𝑡𝑧𝑐 following a specified
opening time, the current source 𝐼𝐶𝐵_𝑜𝑝 required to open the CB is given by
𝐼𝐶𝐵_𝑜𝑝 = ℒ{−𝑖𝐶𝐵_𝑐𝑙 (𝑡)𝑢(𝑡 − 𝑡𝑧𝑐 )}

(2.28)

where 𝑖𝐶𝐵_𝑐𝑙 (𝑡) is the time domain waveform of the current flowing through the closed CB. Similar
to the case of a CB closure, the total response of the electrical network is obtained by
superimposing the response due to 𝐼𝐶𝐵_𝑐𝑙 to the response due to 𝐼𝐶𝐵_𝑜𝑝 .

Open
for t > tzc

Closed
initial condition

ICB_op
j

k

j

ICB_cl

k
ICB_cl

Figure 2.7 Simulation of switch opening [9]
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Since the modeling approach followed in this work is based on nodal analysis, a general
Norton equivalent model of the CB for both opening and closure is used [12]. Voltage source
𝑉𝐶𝐵_𝑐𝑙 for circuit breaker closure is transformed into an equivalent Norton current source given by
𝑉𝐶𝐵_𝑐𝑙 / 𝑅𝐶𝐵 , where 𝑅𝐶𝐵 is the resistance needed to perform the source transformation. This
resistance must be small to approximate an ideal source, or it can take a particular value to
represent a contact resistance. On the other hand, the Norton current used for CB opening is simply
𝐼𝐶𝐵_𝑜𝑝 , as defined in (2.28). Therefore, a general CB model can be defined to simulate both closures
and openings, as shown in Figure 2.7. The corresponding Norton injection current 𝐼𝐶𝐵 and
conductance 𝐺𝐶𝐵 are defined as follows:

VCB _ cl / RCB , closure
ICB = 
opening
ICB _ op ,

(2.29)

 1/ RCB , closure
GCB = 
−1/ RCB , opening

(2.30)

The complete voltage response due to a CB operation is obtained by the addition of the
response before switching (initial condition) to that resulting from applying the Norton equivalent
circuit corresponding to the CB maneuver, as explained in the next section.
In general, the zero-crossing time of the current will not be a multiple of the time step 𝑡.
In order to take this into account, a linear variation between consecutive samples is considered as
shown in Figure (2.8) [61], where [9]:
0 − 𝑖(𝑁𝑧𝑐 )
𝑖(𝑁𝑧𝑐 + 1) − 𝑖(𝑁𝑧𝑐 )
=
[𝑡𝑧𝑐 − (𝑁𝑧𝑐 − 1)∆𝑡]
∆𝑡
Solving for 𝑡𝑧𝑐
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(2.31)

𝑡𝑧𝑐 = (𝑁𝑧𝑐 − 1)∆𝑡 +

𝑖(𝑁𝑧𝑐 )∆𝑡
𝑖(𝑁𝑧𝑐 + 1) − 𝑖(𝑁𝑧𝑐 )

(2.32)

where 𝑁𝑧𝑐 is the sample number directly preceding to the first zero crossing 𝑡𝑧𝑐 [55]. Sample
numbers are positive integers starting at 1 for t = 0.
j

iCB

j

+
ICB

GCB

vCB
_

k

k
(a)

(b)

Figure 2.7 (a) CB between nodes i and k, (b) CB model defined by Norton equivalent
representation [12]

𝑖(𝑡)

𝑁𝑧𝑐

𝑡𝑧𝑐

(𝑁𝑧𝑐

∙
− 1)∆𝑡

𝑁𝑧𝑐 ∆𝑡

𝑡

𝑁𝑧𝑐 + 1

Figure 2.8 Zero crossing of the current [63]

2.8.3. Total response due to circuit breaker operation
It is possible to find the response due to the operation of the CB by means of the following
expression:
−1

𝑽1 (𝑠) = [𝒀𝑏𝑢𝑠 1 (𝑠)] [𝑰1 (𝑠)]

(2.33)

where 𝑽1 (𝑠) is vector of nodal voltage response to the closing or opening operation, 𝒀𝑏𝑢𝑠 1 (𝑠) is
24

the admittance matrix modified according to the type of switch operation, and 𝑰1(𝑠) is an injection
current vector to simulate the closing or opening of switches. This vector is given by [63].
0
⋮
𝐼 (𝑠)
𝑰(1) (𝑠) = 𝑠𝑤2
−𝐼𝑠𝑤2 (𝑠)
⋮
[
]
0

(2.34)

The total response of the system to the closing or opening operation is obtained by adding
the response due to initial conditions to the response due only to the CB operation, as follows:
0
(𝑠)]
𝑽𝑠𝑢𝑝 (𝑠) = [𝒀𝑏𝑢𝑠
( )

−1

[𝑰

(0)

1
(𝑠)]
(𝑠)] + [𝒀𝑏𝑢𝑠
( )

−1

[𝑰

(1)

(𝑠)]

(2.35)

when analyzing several CB maneuvers in a single simulation, the number of superposition steps
equals the number of events, and all the events must be ordered sequentially with increasing time.
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CHAPTER 3
3. PARAMETER COMPUTATION FOR ELECTROMAGNETIC TRANSIENTS

Introduction
This chapter describes the computation of electrical parameters of transmission lines for
transient analysis. These parameters are obtained using analytical techniques based on the
simplification of geometry, the separation of the electric and magnetic fields, and the method of
images [53].
The electromagnetic behavior of transmission lines is generally represented by an
approximate model based on the equivalent circuit per unit length shown in Figure 3.1, where the
magnetic field produced by the current flow along the conductor is represented by an inductance
(L), while the electric field between the conductor and the reference plane is represented by a
capacitance (C). The remaining elements in Figure 3.1: resistance (R) and conductance (G),
represent the series and shunt losses of the line, respectively. For overhead lines, the shunt
conductance is usually neglected because it has a very small effect compared with the series
resistance (the air is considered a very good dielectric) [64].
In order to represent the wave propagation along the line, the line parameters are
represented using a distributed approach, i.e. such parameters are defined at each differential
length of the line [53].
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𝑖(𝑧,t) 𝑅∆𝑧

𝑖(𝑧 + ∆𝑧,t)

𝐿∆𝑧

+
𝑉(𝑧,t)

+
𝑉(𝑧 + ∆𝑧,t)
𝐺∆𝑧

𝐶∆𝑧

-

∆𝑧

Figure 3.1 Equivalent circuit of the transmission line per unit length [65]

Parameters of the Multiconductor Transmission Line
The calculation of parameters for multiconductor lines is based on the method of images
taking into account self and mutual elements, as illustrated in Figure 3.2.

Figure 3.2 Method of images for calculating the geometric inductance of a multiconductor line
[66]
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3.2.1. Series impedance including geometrical and ground return components
To include the effects of the magnetic fields produced by the ground return current, the
method of the complex images is applied, as shown in Figure 3.2. This method assumes that the
ground return current is concentrated in an imaginary plane, parallel to the ground plane and
defined by a complex penetration depth given by:
𝑃= √

𝜌𝑒
𝑗𝜔𝜇𝑒

(3.1)

where 𝜔 is angular frequency rad/sec and μ𝑒 and 𝜌𝑒 are the permeability and resistivity of the ground,
respectively [1]. According to Figure 3.2, the self-inductance of the 𝑖-conductor including the effect of the
ground return plane is calculated as:

𝐿𝑇𝑖𝑖 =

𝜇0
2(ℎ𝑖 + 𝑃)
𝑙𝑛 (
)
2𝜋
𝑟𝑖

(3.2)

where ℎ𝑖 and 𝑟𝑖 are the height and radius of ith conductor in meter. 𝐿𝑇𝑖𝑖 includes the selfgeometrical inductance 𝐿𝑔𝑖𝑖 and the self-ground return inductance 𝔏𝑡𝑖𝑖 :
𝐿𝑇𝑖𝑖 = 𝐿𝑔𝑖𝑖 + 𝔏𝑡𝑖𝑖

(3.3)

where
𝜇0
2ℎ𝑖
ln ( )
2𝜋
𝑟𝑖

(3.4)

𝜇0
P
𝑙𝑛 (1 + )
2𝜋
ℎ𝑖

(3.5)

𝐿𝑔𝑖𝑖 =
𝔏𝑡𝑖𝑖 =

On the other hand, the mutual inductance is given by:
𝐿𝑇𝑖𝑗

𝐷𝑖𝑗′
𝜇0
=
ln ( )
2𝜋
𝑑𝑖𝑗

where
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(3.6)

2

2

(3.7)

2

2

(3.8)

𝑑𝑖𝑗 = √(𝑥𝑖 − 𝑥𝑗 ) + (𝑦𝑖 − 𝑦𝑗 )

𝐷𝑖𝑗 = √(𝑥𝑖 − 𝑥𝑗 ) + (𝑦𝑖 + 𝑦𝑗 )
2

𝐷 ′ 𝑖𝑗 = √(𝑥𝑖 − 𝑥𝑗 ) + (𝑦𝑖 + 𝑦𝑗 + 2𝑃)

2

(3.9)

𝑥𝑖 and 𝑦𝑖 are the coordinates of the i𝑡ℎ phase conductor. 𝐿𝑇𝑖𝑗 includes the mutual geometrical
inductance 𝐿𝑔𝑖𝑗 and the mutual ground return inductance 𝔏𝑡𝑖𝑗 :
𝐿𝑇𝑖𝑗 = 𝐿𝑔𝑖𝑗 + 𝔏𝑡𝑖𝑗

(3.10)

where
𝐿𝑔𝑖𝑖 =

𝔏𝑡𝑖𝑗

𝐷𝑖𝑗
𝜇0
ln ( )
2𝜋
𝑑𝑖𝑗

𝐷𝑖𝑗′
𝜇0
=
𝑙𝑛 ( )
2𝜋
𝐷𝑖𝑗

(3.11)
(3.12)

The self-impedance due to the geometry and ground return is calculated as:
𝑍𝑇𝑖𝑖 = 𝑗𝜔𝐿𝑇𝑖𝑖

(3.13)

𝑍𝑇𝑖𝑗 = 𝑗𝜔𝐿𝑇𝑖𝑗

(3.14)

while for mutual elements:

3.2.2. Conductor impedance
The complex penetration depth (𝛿) related to skin effect in the conductor itself is given by
[1]:
δ= √

𝜌𝑐
𝑗𝜔𝜇𝑐
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(3.15)

where 𝜌𝑐 is the resistivity of the conductor, 𝜔 is the angular frequency at which the current flows,
and 𝜇𝑐 is the permeability of the conductor. The direct current resistance of a cylindrical conductor
per unit length is calculated as:
𝑅𝑑𝑐 =

𝜌𝑐
𝜌𝑐
= 2
𝐴𝑐 𝜋𝑟𝑐

(3.16)

where 𝐴𝑐 is the conductor cross-section, and 𝑟𝑐 is the conductor radius. On the other hand, the high
frequency impedance is obtained as:
𝑍𝐻𝐹 =

𝜌𝑐
2𝜋𝑟𝑐 𝛿

(3.17)

The internal impedance of the conductor (𝑍𝑐 ) can be calculated from the direct current resistance
and the high frequency impedance as [1]:
2
2
𝑍𝑐 = √𝑅𝑑𝑐
+ 𝑍𝐻𝐹

(3.18)

3.2.3. Calculation of impedance and admittance matrices of the multiconductor
transmission line
The series impedance matrix for a multiconductor line is expressed as [36]:
𝒁 = 𝒁𝑇 + 𝒁𝑐

(3.19)

where ZT is obtained from (3.13) and (3.14), while Zc is a diagonal matrix whose elements are
computed from (3.18).
On the other hand, the shunt capacitance matrix C of the multiconductor transmission line can be
computed from the following relationship:
𝑳𝑔 𝐂 = 𝜇0 𝜀0 𝑰
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(3.20)

where 𝑜 and 𝜀𝑜 are the permeability and permittivity of free space, 𝑳𝑔 is the geometrical
inductance matrix obtained from (3.4) and (3.11), and 𝑰 is an identity matrix. From (3.20), the
capacitance of a multiconductor array is calculated as:
𝐂 = 𝜇0 𝜀0 𝑳𝑔−𝟏

(3.21)

Then the shunt admittance is defined as:
𝐘 = 𝑮 + 𝑗𝜔𝑪

(3.22)

where 𝐺 is the shunt conductance per unit length. As mentioned before, in most overhead lines
studies dielectric losses are considered equal to zero (𝑮 = 0) because they have a negligible
influence on the accuracy of the calculation, and their determination is complicated due to their
dependency on weather conditions and pollution.

Calculation of Cable Parameters
Similar to aerial lines, the parameters of underground cables can be defined by the series
impedance 𝒁 and the shunt admittance 𝒀, which depend of geometrical and electrical properties.
There have been many efforts to obtain analytical expressions for the computation of parameters
of underground cables [67], [41] [29], [68] [69], [70], [71].

3.3.1. Series impedance matrix
The series impedance matrix of a coaxial cable can be obtained from geometrical data such
as location of each conductor, inner and outer radius of each conductor, and depth of the cable
system; as well as material properties such as resistivity (𝜌), relative permeability (𝜇𝑟 ) of all
conductors, and relative permittivity of each insulating material (ε𝑟 ) [1].
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The series impedance equivalent circuit of a single-core underground cable is shown in
Figure 3.3 and is defined as [72]:
𝒁=[

𝑍𝑐𝑐
𝑍𝑠𝑐

𝑍𝑐𝑠
]
𝑍𝑠𝑠

(3.23)

Core

Sheath

Zc+Zi1 +Zs_in-Zsm`

ɪcore_she ath

Zsm
Zs_ex +Zi2 +Ze-Zsm`

ɪsheath_earth

Earth

Figure 3.3 Impedance equivalent circuit of a single-core underground cable

where
𝑍𝑐𝑐 = 𝑍𝑐 + 𝑍𝑖1 + 𝑍𝑠_𝑖𝑛 + 𝑍𝑠_𝑒𝑥 + 𝑍𝑖2 + 𝑍𝑒 −2𝑍𝑠𝑚

(3.24)

𝑍𝑐𝑠 = 𝑍𝑠𝑐 = 𝑍𝑠_𝑒𝑥 + 𝑍𝑖2 + 𝑍𝑒 −𝑍𝑠𝑚

(3.25)

𝑍𝑠𝑠 = 𝑍𝑠_𝑒𝑥 + 𝑍𝑖2 + 𝑍𝑒

(3.26)
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where 𝑍𝑐𝑐, 𝑍𝑠𝑠 are the core and sheath impedances; 𝑍𝑖1 , 𝑍𝑖2 are the inner and outer insulation
impedances; 𝑍𝑠_𝑖𝑛 , 𝑍𝑠_𝑒𝑥 , 𝑍𝑠𝑚 are the inner, outer, and mutual of the sheath impedance; and 𝑍𝑒 is
the earth return impedance. The core impedance can be calculated by the following expression [1]:
𝑍𝑐 =

𝜌𝑚𝐼0 (𝑚𝑏)
2𝜋𝑎𝐼1 (𝑚𝑏)

(3.27)

where 𝜌, 𝑎 and 𝐼0 , 𝐼1 are the resistivity, inner radius and the order of Bessel functions of the
conductor, respectively, and 𝑚 is given by:
𝑗𝜔𝜇
𝑚=√
𝜌

(3.28)

The impedance of the insulation layer between two hollow conductors is calculated by:
𝑍𝑖 =

𝑗𝜔𝜇 𝑑
ln
2𝜋 𝑐

(3.29)

where 𝜇, 𝑐 and 𝑑 are permeability, inner, and outer radius of the insulation respectively, while the
inner and outer surface impedances per unit length are obtained by [1]:
𝑍𝑠_𝑖𝑛 =

𝜌𝑚𝐼0 (𝑚𝑎)𝐾1 (𝑚𝑏) + 𝐾0 (𝑚𝑎)𝐼1 (𝑚𝑏)
2πa𝐼1 (𝑚𝑏)𝐾1 (𝑚𝑎) − 𝐾1 (𝑚𝑏)𝐼1 (𝑚𝑎)

(3.30)

𝑍𝑠_𝑒𝑥 =

𝜌𝑚𝐼0 (𝑚𝑏)𝐾1 (𝑚𝑎) + 𝐾0 (𝑚𝑏)𝐼1 (𝑚𝑎)
2πb𝐼1 (𝑚𝑏)𝐾1 (𝑚𝑎) − 𝐾1 (𝑚𝑏)𝐼1 (𝑚𝑎)

(3.31)

𝜌
2πab𝐼1 (𝑚𝑏)𝐾1 (𝑚𝑎) − 𝐾1 (𝑚𝑏)𝐼1 (𝑚𝑎)

(3.32)

𝑍𝑠𝑚 =

where 𝑎, 𝑏 and 𝐾0 , 𝐾1 are the inner and outer radius and the order of the Bessel functions of the
conductor.
The ground-return impedance of the underground cable can be calculated using the
following expression [71]:
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𝜌𝑚2
2
𝑍𝑒 =
[𝐾0 (𝑚𝑟) +
𝑒 −𝛾𝑚 ]
2π
4 + (𝑟𝑚)2

(3.33)

where 𝑟 is the inner radius of the outer conductor and γ = 2𝑦, where 𝑦 is the depth of the wire
below the ground plane. The methodology for series impedance calculation can be extended to
include additional layers, such as the armor shown in Figure 3.4. In this case, the series impedance
matrix per unit length of the coaxial cable can be defined by [1]:
𝑍𝑐𝑐
𝒁 = [ 𝑍𝑠𝑐
𝑍𝑎𝑐

𝑍𝑐𝑠
𝑍𝑠𝑠
𝑍𝑎𝑠

𝑍𝑐𝑎
𝑍𝑠𝑎 ]
𝑍𝑎𝑎

(3.34)

where
𝑍𝑐𝑐 = 𝑍𝑐 + 𝑍𝑖1 + 𝑍𝑠_𝑖𝑛 + 𝑍𝑠_𝑒𝑥 + 𝑍𝑖2 + 𝑍𝑎_𝑖𝑛 +𝑍𝑎_𝑒𝑥 + 𝑍𝑖3 +𝑍𝑒 − 2𝑍𝑠𝑚 − 2𝑍𝑎𝑚

(3.35)

𝑍𝑐𝑠 = 𝑍𝑠𝑐 = 𝑍𝑠_𝑒𝑥 + 𝑍𝑖2 + 𝑍𝑎_𝑖𝑛 +𝑍𝑎_𝑒𝑥 + 𝑍𝑖3 +𝑍𝑒 − 𝑍𝑠𝑚 − 2𝑍𝑎𝑚

(3.36)

𝑍𝑐𝑎 = 𝑍𝑎𝑐 = 𝑍𝑎_𝑒𝑥 + 𝑍𝑖3 +𝑍𝑒 − 𝑍𝑎𝑚

(3.37)

𝑍𝑠𝑠 = 𝑍𝑠_𝑒𝑥 + 𝑍𝑖2 + 𝑍𝑎_𝑖𝑛 + 𝑍𝑎_𝑒𝑥 + 𝑍𝑖3 +𝑍𝑒 − 2𝑍𝑎𝑚

(3.38)

𝑍𝑠𝑎 = 𝑍𝑎𝑠 = 𝑍𝑎_𝑒𝑥 + 𝑍𝑖3 +𝑍𝑒 − 𝑍𝑎𝑚

(3.39)

𝑍𝑎𝑎 = 𝑍𝑎_𝑒𝑥 + 𝑍𝑖3 + 𝑍𝑒

(3.40)

where 𝑍𝑐𝑐 , 𝑍𝑠𝑠 , 𝑍𝑎𝑎 are the core, sheath, armor submatrix impedances; 𝑍𝑖1 , 𝑍𝑖2 , 𝑍𝑖3 are the inner
and outer insulation layers; 𝑍𝑠_𝑖𝑛 , 𝑍𝑠_𝑒𝑥 , 𝑍𝑠𝑚 are the inner, outer, and mutual of the sheath
impedances; and 𝑍𝑎_𝑖𝑛 , 𝑍𝑎_𝑒𝑥 , 𝑍𝑎𝑚 are the inner, outer, and mutual of the armor impedances
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Figure 3.4 Transversal section of concentric underground cable [45]

3.3.2. Shunt admittance matrix
The calculation of shunt admittance matrix of a coaxial cable is similar to the calculation
of the series impedance matrix. However, since there is no mutual electric coupling between
conductors of the cable, it follows that:
𝑌𝑐𝑠
𝒀=[0

0
𝑌𝑠𝑔 ]

(3.41)

where 𝑌𝑐𝑠 is the shunt admittance between the core and the sheath, and 𝑌𝑠𝑔 is the shunt admittance
between the sheath and the ground. The computation of admittance matrix of an underground cable
can be obtained from the formulations related to the capacitance and conductance of a coaxial
cable. The shunt capacitance of a coaxial cable per unit length is given by [72]:
𝐶=

2𝜋𝜀𝑜 𝜀𝑟
𝑟
ln 1⁄𝑟𝑜

(3.42)

where 𝜀𝑟 is the relative permeability of the insulation, 𝑟1 is the outer radius, and 𝑟0 is the inner
radius. The shunt conductance of a coaxial cable per unit length is obtained by:
𝐺 = 𝜔𝐶 tan 𝛿
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(3.43)

where 𝜔 is the angular frequency and tan 𝛿 is the dielectric dissipation power factor [72], [70].
The expression for the shunt admittance per unit length of a three-layer coaxial cable can be
obtained by:
𝑌𝑐
[𝑌] = [−𝑌𝑐
0

−𝑌𝑐
𝑌𝑐 + 𝑌𝑠
−𝑌𝑠

0
−𝑌𝑠 ]
𝑌𝑠 + 𝑌𝑎

(3.44)

where 𝑌𝑐 , 𝑌𝑠 , and 𝑌𝑎 are calculated from equations (3.42) and (3.43) by changing the ratio of the
radius for the specific layer [1].

Parameter Determination of Distribution Transformer
In the transformer model described in Section 2.6, the magnetizing branch is introduced to
the left of the primary side impedance. The parameters of the magnetizing branch can be usually
determined by applying open-circuit and short-circuit tests. On the other hand, primary winding
elements 𝑅1 and 𝑋1 are merged with the referred secondary quantities 𝑅2′ and 𝑋2′ to obtain the
equivalent impedance 𝑍𝑒1 = 𝑅𝑒1 + 𝑠𝐿𝑒1 , as shown in Figure 2.5 [55], [73]. The winding
parameters can be estimated from basic transformer data, such as base power, base voltages for
both primary and secondary side, reactance in per unit (𝑋𝑝.𝑢 ), according to the following
relationships:
(𝑉𝑏𝑎𝑠𝑒 )2
𝑆𝑏𝑎𝑠𝑒

(3.45)

𝑍𝑒1 = 𝑋𝑝.𝑢 𝑍𝑏𝑎𝑠𝑒

(3.46)

𝑍𝑏𝑎𝑠𝑒 =
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CHAPTER 4
4. NETWORK CONSTRUCTION AND REDUCTION

Introduction
This chapter describes the application of a frequency domain modeling technique to obtain
network equivalents of distribution networks for electromagnetic transient analysis, considering
overhead lines, underground systems, transformers, switches, and loads. The modeling approach
is based on the use of a nodal form in the frequency domain to construct complete distribution
systems, followed by the application of Kron reduction to preserve only the nodes of particular
interest in the transient study.

Network Construction
Considering a system consisting of N buses (each consisting of m-conductors), the
complete network is described by means of a nodal or admittance matrix model as follows [12]:
𝑰1
𝒀11
𝑰
𝒀
[ 2 ] = [ 21
⋮
⋮
𝑰𝑁
𝒀𝑁1

𝒀12
𝒀22
⋮
𝒀𝑁2

⋯
⋯
⋱
⋯

𝒀1𝑁 𝑽1
𝒀2𝑁 𝑽2
][ ]
⋮
⋮
𝒀𝑁𝑁 𝑽𝑁

(4.1)

where 𝑌𝑖𝑗 is the admittance submatrix corresponding to the element located between buses 𝑖 and 𝑗
of the system, 𝐼𝑖 is the subvector of injection currents connected at the i-th bus, and 𝑉𝑖 is the
subvector of nodal voltages measured at the same bus. Insertion of a network component between
buses 𝑖 and 𝑗 of the admittance matrix defined in (4.1) modifies such matrix according to
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𝒀𝑖𝑖
[ ⋮
𝒀𝑗𝑖

⋯ 𝒀𝑖𝑗
⋱
⋮ ]
⋯ 𝒀𝑗𝑗

𝑛𝑒𝑤

𝒀𝑖𝑖
=[ ⋮
𝒀𝑗𝑖

⋯
⋱
⋯

𝒀𝑖𝑗
⋮ ]
𝒀𝑗𝑗

𝑜𝑙𝑑

𝒀𝑒11
+[ ⋮
𝒀𝑒21

⋯
⋱
⋯

𝒀𝑒12
⋮ ]
𝒀𝑒22

(4.2)

where 𝒀𝑒11 , 𝒀𝑒12 , 𝒀𝑒21 and 𝒀𝑒22 are the elements of the admittance matrix of the component to
be added. Subscripts “old” and “new” indicate the elements of the admittance matrix before and
after the insertion of the network component. Application of (4.2) can be repeated for each
component until the admittance matrix representing the full network is formed, as defined in (4.1).
This equation is solved for the nodal voltages vector. Finally, the time domain response of the
system is obtained by means of the numerical inversion of the Laplace transform, as described in
Section 4.6 [7], [46].

Kron’s Reduction Method
A simple and accurate way to reduce the admittance system consists on rearranging the
nodal matrix defined in (4.1) by grouping the nodes of interest (excitation and measuring nodes)
and eliminating all of the remaining nodes by using Kron’s reduction [44]. This yields:
[

𝒀𝑚𝑛,𝑚𝑛 (𝑠)
𝑰𝑚𝑛 (𝑠)
]=[
𝑰𝑟𝑛 (𝑠)
𝒀𝑟𝑛,𝑚𝑛 (𝑠)

𝒀𝑚𝑛,𝑟𝑛 (𝑠) 𝑽𝑚𝑛 (𝑠)
][
]
𝒀𝑟𝑛,𝑟𝑛 (𝑠) 𝑽𝑟𝑛 (𝑠)

(4.3)

where subscript mn denotes measuring nodes (nodes of interest, including the excitation nodes)
and rn corresponds to the nodes to be eliminated (with injection current of zero). Applying Kron’s
reduction, the following reduced system is obtained
𝑰𝑚𝑛 (𝑠) = 𝒀𝑟𝑒𝑑 (𝑠) 𝑽𝑚𝑛 (𝑠)

(4.4)

−1 (𝑠)𝒀
𝒀𝑟𝑒𝑑 (𝑠) = 𝒀𝑚𝑛,𝑚𝑛 (𝑠) − 𝒀𝑚𝑛,𝑟𝑛 (𝑠)𝐘𝑟𝑛,r𝑛
𝑟𝑛,𝑚𝑛 (𝑠)

(4.5)

where

Eq. (4.4) is solved for the nodal voltages vector. Finally, the time domain response of the system
is obtained by means of the numerical inversion of the Laplace transform.
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Ground Wire Reduction
To reduce the ground wires, the first Telegrapher Equation can be rewritten as follows [65]:
−

𝒁𝑝ℎ𝑝ℎ
𝑑 𝑽𝑝ℎ
[
]=[
𝒁𝑔𝑝ℎ
𝑑𝑧 𝑽𝑔

𝒁𝑝ℎ𝑔 𝑰𝑝ℎ
][ ]
𝒁𝑔𝑔 𝑰𝑔

(4.6)

where 𝒁𝑝ℎ𝑝ℎ is the impedance matrix for phase conductors, 𝒁𝑔𝑔 is the impedance matrix for
ground wires, 𝒁𝑝ℎ𝑔 and 𝒁𝑔𝑝ℎ are the mutual impedance matrices between phases and ground
wires. Assuming that the ground wires are perfectly grounded (𝑽𝑔 = 0), and after some algebraic
manipulations, it follows that:
−

𝑑𝑽𝑝ℎ
= 𝒁𝑟𝑔𝑤 𝑰𝑝ℎ
𝑑𝑧

(4.7)

where
𝒁𝑟𝑔𝑤 = 𝒁𝑝ℎ𝑝ℎ − 𝒁𝑝ℎ𝑔 𝒁𝑔𝑔 −1 𝒁𝑔𝑝ℎ

(4.8)

In (4.8), Zrgw represents the series impedance of the line after reduction of the ground wires. For
the shunt admittance matrix, considering again that 𝑽𝑔 = 0, the second Telegrapher Equation can
be written as follows [65]:
−

𝒀𝑝ℎ𝑝ℎ
𝑑 𝑰𝑝ℎ
[ ]=[
𝒀𝑔𝑝ℎ
𝑑𝑧 𝑰𝑔

𝒀𝑝ℎ𝑔 𝑽𝑝ℎ
][
]
𝒀𝑔𝑔
0

(4.9)

From (4.9):
−

𝑑𝑰𝑝ℎ
= 𝒀𝑟𝑔𝑤 𝑽𝑝ℎ
𝑑𝑧

(4.10)

where 𝒀𝑟𝑔𝑤 = 𝒀𝑝ℎ𝑝ℎ . Matrix 𝒀𝑟𝑒𝑑 represents the shunt admittance of the line after reduction of
the ground wires.
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Network Initialization from Steady State Conditions
The solution of (4.4) and transformation to time domain using the inverse NLT considers
by default that the network is initially de-energized, so there will always exist an energization
transient. However, fault analysis or other grid disturbances may require starting from steady-state
initial conditions. It is still possible to consider such scenario in the FD method described in this
dissertation by means of the following steps:
•

Initial calculation of phasor voltages at all the nodes of the system. This is a very
straightforward step since the model is already described in the frequency domain, so
it does not require any modifications to the system model given by (4.4). The only
difference from a typical transient solution would be that the computation is performed
considering only the nominal frequency of the system.

•

Application of well-known phasor transformation to obtain the steady state transient
response in the time domain considering a specific observation time and corresponding
time vector according to (4.15).

•

If a disturbance is simulated at a time greater than zero, such as a fault condition, then
the time domain voltages obtained in the previous step are transformed to the Laplace
domain using the direct NLT, as described in the next section.

Numerical Laplace Transform
4.6.1. Inverse NLT
For a real-causal function, the inverse Laplace transform of F(s) is given by:


ect 
f (t )  Re  F (s)e jt d 
  0
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(4.11)

Notice that in (4.11) the integral operation has been truncated considering Ω as the
maximum frequency. For the numerical version of (4.11), it is considered that the discrete
frequency sampling is carried out in N steps of size 2Δω. This is known as odd sampling. Taking
a maximum observation time T and including a window function σ(ω) to reduce truncation errors
(Gibbs oscillations), the discrete form of (4.11) is given by [7], [74]:

fn =

ecnt

N −1

Re   F2k +1 2k +1e j(2k +1) ( nt ) 2  

 k =0


(4.12)

where

F2k +1 = F[c + j(2k +1)],

k = 0,1,..., N −1

(4.13)

fn = f (nt )

(4.14)

t = T / N

(4.15)

 =  /T

(4.16)

c = 2

(4.17)

c is known as damping factor and is included to reduce aliasing errors due to discretization. The
term between brackets in (4.12) corresponds to the Inverse Fast Fourier Transform (ifft) algorithm.
The reader is referred to [7], [74] for a detailed description of the numerical inversion of the
Laplace transform.
4.6.2. Direct NLT
The direct Laplace transform of 𝑓(𝑡) taking a finite integration range [0, T] is defined as
follows:
T

F (s) =   f (t )e−ct  e− jt dt
0

The discrete form of (4.18) is
41

(4.18)

N −1

F (c + jm) =  f (nt )e −cnt e − jmnt t
n =0

(4.19)

where n = 0, 1, 2, ..., N-1 and 𝑡 given by (4.15). Equation (4.19) can be expressed in terms of the
direct Fast Fourier Transform algorithm (fft):
N −1
 j 2mn 
Fm =  f n Dn exp −

N 

n =0

(4.20)

where

jn 

Dn = t exp − cnt −

N 


(4.21)

The reader is referred to [7], [74] for a more detailed description of the numerical Laplace
transform.
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CHAPTER 5
5. PERFORMANCE EVALUATION OF FREQUENCY DOMAIN METHOD FOR
TRANSIENT ANALYSIS AND REDUCTION OF LARGE NETWORKS

Initial Accuracy Assessment of FD Modelling Approach Relative to EMTP
This section presents different test cases for verification of the frequency domain approach
described in chapter 2, including an aerial line, an underground cable, a small distribution network,
and 2 test feeders from IEEE (13-bus and 34-bus) [75], [76]. Results confirm strong agreement
between EMT simulations using TD and FD methods for steady state and transient conditions. The
IEEE test feeders include typical power system components such as electric sources, overhead
lines, underground cables, transformers, and switching devices. Both feeders are unloaded as
initial condition in order to show system energization transients. The number of discrete samples
used for all FD simulations is 2,048. The EMTP-ATP simulations use a 20 µs integration step
producing 833.333 points per cycles of fundamental frequency and capable of capturing 50 kHz
transients. This number of samples ensures that the most important frequencies in the transient
response for all the cases under analysis are captured.
All simulations were executed using a computer server with two Intel Xeon processors
(CPU E5-2620 v3) operating at 2.40 GHz and 256 GB of RAM memory.

5.1.1. Multiconductor transmission line case
Table 5.1 shows the parameters for the simulation of a multiconductor line. In this case, a
DC voltage source is connected to phase A of the sending node, while all the phases of the
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receiving node are left open, as shown in Figure 5.1. The circuit used in EMTP-ATP for
comparison purpose is presented in Figure 5.2. Voltages at the receiving node obtained with the
frequency domain model and validated with EMTP-ATP for all phases are shown in Figure 5.3.

Table 5.1 Parameters for multiconductor transmission line
Ground resistivity

100 Ω ∙ m

Conductor resistivity

2.61 × 10−8 Ω ∙ m

Observation Time

3 ms

Conductor radius

0.01 m

Frequency

60 Hz

Length of the line

60 km

Source voltage

1 P.U.

Coordinates

x

y

Conductor 1

−0.9144 m 8.5344 m

Conductor 2

−0.1524 m 8.5344 m

Conductor 3

+1.2192 m 8.5344 m

Phase A
Phase B

DC

Phase C
Length= 60 Km

Figure 5.1 Multiconductor line configuration
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Figure 5.2 EMTP-ATP implementation for multiconductor line
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Figure 5.3 Transient voltages for multiconductor transmission line

5.1.2. Underground cable case
Table 5.2 shows the parameters for the simulation of the transient response of an
underground cable. In this example, a unit step voltage source is connected to the core of cable 1
(phase A) at the sending node, while the other two cables are grounded (both core and shield). The
receiving nodes are left open, as shown in Figure 5.4. The circuit implemented in PSCAD-EMTDC
for comparison purposes is presented in Figure 5.5. The transient response of the core at the
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receiving node obtained with the implemented frequency domain model and compared with the
results calculated by means of PSCAD-EMTDC is shown in Figure 5.6.

Table 5.2 Parameters for underground cable

V0

Core resistivity

1.7241 × 10−8 Ω ∙ m

Sheath resistivity

1.38 × 10−7 Ω ∙ m

Soil resistivity

20 Ω ∙ m

Depth

0.762 m

Insulation1 relative permittivity

3.5

Insulation 2 relative permittivity

3.3

Length of the line

16093 m

Source voltage (DC)

1 P.U.

Distance between conductors

0.15242 m

Observation Time

2.5 ms

Cable1
Cable2

Cable3
Length

Core1 VL
Sheath1

Core2
Sheath2

r4 =0.0345 r3=0.0293
r2=0.0282

Insulation 1
Core

r1=0.0127

Core3
Sheath3
Sheath

u(t)

Insulation 2
b)

a)

Figure 5.4 (a) Test configuration for underground cable, (b) transversal section of concentric
underground cable
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Figure 5.5 PSCAD-EMTDC implementation for underground cable
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Figure 5.6 Transient voltage for the underground cable

47

20
-4

x 10

5.1.3. Small distribution network
Figure 5.7 depicts a one-line diagram of the simplified distribution network used to
illustrate the use of the frequency domain modeling approach. The network consists of a threephase sinusoidal voltage source, a three-phase switch with different closing times for each phase,
a delta-wye grounded transformer, a three-phase underground cable and a three-phase balanced
and purely resistive load. Parameter values for each element in the circuit are summarized in Tables
5.3, 5.4, and 5.5. The network is excited by closing each phase at different times, as listed in Table
5.5. For validation purposes, the results are compared to those obtained by implementing the same
circuit in the transient simulation software EMTP-RV, as illustrated in Figure 5.8. Figure 5.9
shows the transient overvoltages from each phase measured at the load. A magnified subset of
such comparison is shown in Figure 5.10. The model reproduces the response from EMTP-RV
very accurately. Moreover, the transient overvoltages from each phase include the phase shift
inherent to a delta-wye grounded connection.

Table 5.3 Transformer parameters
13.8 kV/480 V

Voltage rating
Winding resistance referred to the primary 𝑅𝑒1
Core losses 𝑅𝑐

0.7306 Ω
40 Ω

Leakage inductance referred to the primary 𝐿𝑒1

17.6 mH

Magnetizing inductance 𝐿𝑚

159.2 mH

48

RS

SW

TR
TL

VS

RL

Figure 5.7 One-line diagram of a simplified distribution network

Table 5.4 Transmission line parameters
Zero-sequence resistance 𝑅0

1.383 × 10−3 Ω/m

Zero-sequence inductance 𝐿0

2 × 10−6 H/m

Positive- and negative-sequence resistance 𝑅1 , 𝑅2

2.93 × 10−4 Ω/m

Positive- and negative-sequence inductance 𝐿1 , 𝐿2

3.98 × 10−7 H/m
8.2998 × 106 Ω ∙ m

Parallel reactive capacitance 𝑋𝑐

100 m

Length

Table 5.5 Source, switch and load parameters
Frequency of the source 𝑓

60 Hz

Resistance of the source 𝑅𝑆

1 μΩ

Closing time of switch phase a

0s

Closing time of switch phase b

1/180 s

Closing time of switch phase c

1/90 s

Contact resistance of the switch 𝑅𝑠𝑤

1 μΩ

Resistance of the load per phase 𝑅𝐿

100 Ω
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Figure 5.8 EMTP-RV implementation of simplified distribution network
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Figure 5.9 Transient overvoltages for a three-phase distribution network
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Figure 5.10 Zoom-in of transient overvoltages for a three-phase distribution network

5.1.4. IEEE 13-bus test feeder
This distribution network consists of 13 buses and corresponds to one of the systems
reported by the IEEE/PES Distribution Test Feeder Working Group [75]. The system is
implemented in MATLAB and validated by means of EMTP-ATP simulations. It includes
segments of overhead lines and underground cables with 1, 2 and 3 phases. The EMTP-ATP
implementation of this system is shown in Figure 5.11.
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Figure 5.11 IEEE 13-bus test feeder implemented in EMTP-ATP

The size of the complete admittance matrix for this case (before reduction) is 3333. Loads
are neglected to consider the open-ended case in which transient overvoltages are expected. The
buses preserved after reduction are the excitation bus (3-phase), bus 4 (2-phase), bus 6 (3-phase),
and bus 13 (single-phase). Therefore, the size of the reduced admittance matrix is 99. Figures
5.12 to 5.14 show the transient voltage response of the system at different nodes, comparing the
results considering the complete system in the frequency domain method, the reduced system and
the EMTP-ATP simulation of the complete system. It can be noticed that the results from the
complete and reduced systems in the frequency domain method are identical, demonstrating that
the reduction does not result in any loss of accuracy. Such results are also very similar to those
from the EMTP-ATP simulation. The slight differences are likely due to the differences in the
overhead and underground cable models and parameter determination (the time domain models
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from EMTP-ATP require numerical approximations to include the frequency dependence of the
line parameters). The last example consists of a single-line-to-ground fault on the 13-bus feeder.
The simulation starts with a previously energized system as initial condition as described in section
4.5. A short circuit is introduced at one of the end-point nodes in the system at 30 ms of simulation
time. The CB operates with a mechanical delay of close to 3 cycles, isolating the fault at
approximately 75 ms and restoring the system voltage. Figure 5.15 shows the transient voltage
response for this sequence of events overlapping the simulation results from FD and EMTP-ATP.
The waveforms confirm that the FD simulation successfully reproduces with high accuracy the
pre-fault, fault, and post-fault behavior as obtained using EMTP-ATP.
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Figure 5.12 Transient overvoltage at bus 4 of the IEEE 13-bus feeder
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Figure 5.13 Transient overvoltage at bus 6 of the IEEE 13-bus feeder

Complete network
Reduced network
EMTP-ATP
2

Voltage (p.u)

1.5

1

0.5

0

-0.5
0

1

2

3

4

5
6
Time in seconds

7

8

9
-5

x 10

Figure 5.14 Transient overvoltage at bus 13 of the IEEE 13-bus feeder
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Figure 5.15 Transient overvoltage response during single-line-to-ground fault after energization
of 13-bus feeder
5.1.5. IEEE 34-bus test feeder
The EMTP-ATP implementation of this system is shown in Figure 5.16. The complete
admittance matrix (before reduction) for this case is of size 8686. As in the previous example,
loads are neglected. The buses preserved after reduction are the excitation bus (3-phase), bus 4 (3phase), and bus 7 (3-phase). Therefore, the reduced admittance matrix is of size 99. Figures 5.1718 show the transient voltage response of the system at different nodes, comparing the results from
the complete system, the reduced system and the EMTP-ATP simulation. Similar to the IEEE 13bus test feeder example, the results from the complete and reduced systems in the frequency
domain method are identical, and very close to the results from EMTP-ATP. The last case of the
34-bus system demonstrates the transient response when suddenly energizing all phases. This case
also shows significant agreement between FD and TD simulations (see Figure 5.19). The levels of
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agreement in the waveforms from both simulations demonstrate the correctness of FD modelling
and the possible capabilities of its implementation as an alternative or complement to traditional
TD techniques. Previous literature reported similar results comparing these simulation techniques
[77], [12], [7], [74], [45], thus, further supporting the accuracy of FD modelling relative to TD
solutions. The relative difference of maximum overvoltage between time domain and frequency
domain methods are shown in Table 5.6. It can be noticed that these values are below 2% for all
cases under study. The accuracy in the estimation of maximum overvoltages is extremely
important for insulation design and coordination studies of power components and systems.

Figure 5.16 IEEE 34-bus test feeder implemented in EMTP-ATP
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Figure 5.17 Transient overvoltage at bus 7 of the IEEE 34-bus feeder
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Figure 5.18 Transient overvoltage at bus 4 of the IEEE 34-bus feeder
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Figure 5.19 Transient overvoltage response during three phase energization of 34-bus feeder

Table 5.6 Relative difference of maximum overvoltages between time domain and frequency
domain methods
Relative
Case
difference (%)
Transient voltages for multiconductor transmission line
0.333
(Figure 5.3)
Transient voltage for the underground cable
0.478
(Figure 5.6)
Transient overvoltage for three-phase distribution network
0.102
(Figure 5.9)
Transient overvoltage at bus4 of the IEEE 13-bus feeder
0.379
(Figure 5.12)
Transient overvoltage at bus6 of the IEEE 13-bus feeder
0.165
(Figure 5.13)
Transient overvoltage at bus13 of the IEEE 13-bus feeder
(Figure 5.14)
Transient overvoltage response during single-phase-to-ground fault after
energization of 13-bus feeder
(Figure 5.15)
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0.730
0.481

Table 5.6 - continued
Transient overvoltage at bus7 of the IEEE 34-bus feeder
(Figure 5.17)

0.229

Transient overvoltage at bus4 of the IEEE 34-bus feeder
(Figure 5.18)

0.873

Transient overvoltage response during three phase energization of the
IEEE 34-bus feeder
(Figure 5.19)

1.679

Case Studies using FD and Model Reduction to Simulate Large Distribution Systems
5.2.1. Distribution system characteristics
This section considers two test systems to validate the application of network reduction for
FD simulations and to demonstrate the benefits of implementing reduction techniques when
simulating large and complex distribution systems.
The first system is a modified version of the well-known 123-bus test feeder composed of
numerous overhead lines with different phase configurations, an underground cable, and multiple
switches. Although the 123-bus feeder is simplistic compared to a real distribution network, the
accurate simulation of switching operations in this network provides a challenging task. The
second system is a large distribution network consisting of 1,188 three phase nodes. The
arrangement of this network is shown in (Figure 5.20), where feeder breakers facilitate the
simulation of switching operations in the presence of feeder faults. There are twelve medium
voltage feeders with over one thousand underground cable sections energizing two hundred
distribution transformers in delta-wye-grounded configuration. The low voltage distribution
system is a densely meshed network formed by interconnected cables for service continuity in case
of component failures. Note that secondary grid configurations exponentially increase the
complexity of the system analysis and simulation [78]. This section benchmarks, for both test
systems, the simulation time to solve different test scenarios including system energization,
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symmetrical and unsymmetrical faults, and switching operations. Results show that network
reduction techniques with FD methods do not cause loss of accuracy, provide evident
computational gains, and will not affect simulation fidelity (see Table 5.7).

Figure 5.20 Configuration of the 1188 meshed distribution network

5.2.2. IEEE 123 bus feeder
Four scenarios illustrate the accuracy of implementing network reduction and confirms the
computing benefits in terms of solution time and size of the system matrix relative to the full
system. The first case shows the transient overvoltages measured at node 83 located at the end of
the feeder; see [75]. These overvoltages are produced by sequentially energizing the fully unloaded
system at the positive peaks of each phase. Figure 5.21 shows the overlayed voltage waveforms
resulting from simulating the full network and the network reduced systems. To illustrate in detail
the oscillations produced by this event, Figure 5.22 zooms into the energization of phase C.
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The second test case corresponds to a two-phase-to-ground fault (A-B phases) introduced
at node 7 of the network, which is located at the beginning of the feeder. This fault occurs 50 ms
after energizing the system (at t = 0 for all phases) and is cleared at the first zero crossing after 100
ms. Figure 5.23 shows the voltage oscillations during this transient.
The third scenario simulates a three-phase-to-ground fault at node 114 (far end of the
feeder) introduced 50 ms after the beginning of a simulation that is initiated from nominal
conditions. This fault is cleared after 100 ms for each phase at current zero-crossing. Figure 5.24
shows the transient voltage response produced by the fault clearance. Finally, a fourth case
illustrates the short circuit currents when the network is energized at t = 10 ms with an existing
solid three-phase-to-ground fault located at node 1, which is located at the beginning of the feeder.
The short circuit currents presented in Figure 5.25 are obtained considering a nominal grid voltage
of 4.16 kV. The reduction in this case is applied to all nodes except for the excitation, faulted node,
and measurement nodes. Similar to the previous cases, the solution for the full network and the
network reduced systems completely overlap.
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Figure 5.21 Transient voltage response during sequential energization of phases
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Figure 5.22 zoom-in of response during the energization of phase B
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Figure 5.23 Transient voltage response during two-phase-to-ground fault
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Figure 5.24 Transient voltage response during clearance of three-phase-to-ground fault
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Figure 5.25 Short circuit current due to solid three-phase-to-ground fault

Note that the use of network reduction techniques with FD methods does not introduce loss
of accuracy, and therefore, does not affect the simulation fidelity. Furthermore, the solution time
for this test system using network reduction techniques is almost 800 times faster than simulating
the full system.

5.2.3. Large distribution network with densely meshed secondary low voltage grid
To further explore the benefits of network reduction techniques, the following scenarios
consider a realistically large distribution network with complex configuration (1188 nodes, as
described in Section 5.2.1). The system has a densely meshed low voltage secondary grid that
challenges stack and memory sizes and prediction of matrix sparsity. Therefore, the use of network
reduction techniques becomes more relevant to decrease the use of computer resources.
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The first case demonstrates the network voltage response resulting from energizing the
system, measured at the low voltage side of a distribution transformer located at node 13 which is
1,323 ft (403.25 m) of cable away from the substation (see Figure 5.26).
The second case shows the voltage transient produced by a temporary single-phase-toground fault at phase A, which appears 90 ms after energizing the system and is located 6229 ft
(1289 m) away from the substation and measurement at node 35 (see Figure 5.27). The fault
condition lasts until around 105 ms of simulation time, and after that the system voltage recovers
and reaches steady state again.
Finally, the third scenario corresponds to the energization of the system with an existing
solid three-phase-to-ground fault towards the end of a medium voltage feeder producing the
voltage sag shown in Figure 5.28. The transient voltages presented in this figure were measured at
node 10 which is 407 ft (124.05 m) away from the substation. The fault is subsequently cleared at
the next zero crossing of phases A, B, and C, respectively. Similar to the cases using the 123-bus
system, the result produces no difference between simulations of the full and reduced system.
Furthermore, this example demonstrates the ability of the FD method to provide a stable response
for the transient and steady state periods.
The full network without reduction simulates in 1 hour and 16 minutes. Meanwhile, the
simulation time for same system using network reduction techniques is 4.61 seconds. Thus,
approximately 988 times faster than simulating the full system. These timings highlight the
importance and relevance of network reduction to analyze electromagnetic transients for large
power systems.
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Figure 5.26 Transient voltage response during energization
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Figure 5.27 Transient voltage response during single-line-to-ground fault
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Figure 5.28 Transient voltage response during three-line-to-ground fault and clearance after
energization

Simulation Benchmarking
As mentioned in Section 5.1, all simulations in this dissertation were executed using a
computer server with two Intel Xeon processors (CPU E5-2620 v3) operating at 2.40 GHz and 256
GB of RAM memory. The test cases for the 123-bus feeder and 1,188 nodes system demonstrate
that network reduction techniques with FD methods do not cause loss of accuracy and result in
substantial reduction of computational burden even when simulating complex systems. Table 5.7
summarizes the effectiveness of network reduction by comparing the system matrix sizes and
simulation times between test cases for the complete and reduced systems [79].
It should be noticed that the times listed in Table 5.7 correspond to system solution time
and as such do not include the time needed to perform the network reduction, which is applied
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each time the nodes of interest are modified. Therefore, the substantial decrease in simulation time
becomes more relevant when the response at specific nodes is analyzed under different scenarios,
which is typical in utility studies.

Table 5.7 Computer time for all the simulated cases
Distribution
network

123-bus

123-bus

123-bus

123-bus
1,188-bus
1,188 bus

1,188-bus

Case
Sequential
energization
(Figure 5.21 and
5.22)
Two-phase-toground fault
(Figure 5.23)
Three-phase-toground fault
(Figure 5.24)
Three-phase-toground fault
(Figure 5.25)
Energization
(Figure 5.26)
Single-phase-toground fault
(Figure 5.27)
Three-phase-toground fault
(Figure 5.28)

Complete system
Simulation
Size
time (s)

Reduced system
Simulation
Size
time (s)

Times
faster

70.974

369369

0.093

99

765

73.974

369369

0.095

99

777

73.974

369369

0.095

99

777

78.91

369369

0.11

99

717

1,394.800

3,5643,564

1.048

5454

1,330

4,558.443

3,5643,564

3.272

3333

1,393

4,558.443

3,5643,564

4.613

5757

988
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CHAPTER 6
6. CONCLUSION AND FUTURE WORK

Conclusions
This work demonstrates the practical and unprecedented application of frequency domain
methods to perform detailed electromagnetic transient analysis on very large multi-phase power
distribution networks. In order to stimulate the application of such technique by utilities and
academia as a powerful alternative to existing tools for transient analysis. In addition, this work
provides detailed modelling guidance, procedures and examples to derive the system matrix,
perform system reduction using network equivalent techniques, and solve for the time domain
response.
The effectiveness and versatility of the method was tested by means of simulations of a
distribution system (13, 34, 123-bus IEEE test feeder and 1188-node densely meshed underground
distribution network) including overhead lines and underground elements, a transformer and
switches. An initial set of simulations considering the IEEE 13 bus and 34 bus feeders verified the
accuracy of the proposed modelling and reduction technique when compared with EMTP/ATP
simulations. Numerous additional simulations using two test systems with 123 and 1188 buses
evidenced a substantial reduction in computer time in the transient analysis of large networks.
This study is able to present many applications of fault scenario or other grid disturbances
may require starting from steady-state initial conditions.
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The solution of these systems is obtained directly in the frequency domain and transformed
into the time domain by means of the numerical inversion of the Laplace transform. As an
alternative, the frequency domain equivalents can be introduced into EMTP-type programs using
rational fitting techniques. This would allow taking advantage of the extensive simulation
capabilities of these programs. Benchmark results highlight that the use of the frequency-domain
network reduction technique results in simulations up to 1,393 times faster compared with the full
network solution for the 1,188-node distribution system. The simulation cases shown confirm the
value of frequency domain methods to analyze large and complex power distribution networks
without losing accuracy or simulation fidelity for steady-state and transient conditions.

Future Work
The following are topics for potential future work:
1. Application of the proposed methodology for the analysis of distribution systems
with distributed energy resources (DER) considering the harmonic content injected
by inverter-based excitations.
2. Inclusion of non-linear elements modeled via piece-wise linear approximations,
such as surge arresters and magnetizing branches of transformers.
3. Interconnection between the frequency domain network equivalent method and
EMTP-type methods via rational approximation to take advantage of the modeling
tools available in commercial software, such as advanced models of generators,
power electronic components and protection devices.
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4. Application of distributed computing technologies to accelerate the computation of
large distribution systems when detailed solution of the complete system is
required.
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